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Abstract
Let R be a hereditary, indecomposable, left pure semisimple ring. Inspired by [I. Reiten, C.M. Ringel,
Infinite dimensional representations of canonical algebras, Canad. J. Math. 58 (2006) 180–224], we in-
vestigate the perfect cotorsion pair (C,D) in R-Mod generated by the preinjective component q. We
show that there is a finitely generated product-complete tilting and cotilting left R-module W such that
C = CogenW and D = GenW . The finite subcategory w of R-mod given by the indecomposable sum-
mands of W stores important information on R. For example, if we assume R of infinite representation
type, then by [B. Zimmermann-Huisgen, Strong preinjective partitions and representation type of artinian
rings, Proc. Amer. Math. Soc. 109 (1990) 309–322] there are non-preinjective indecomposable modules
occurring as direct summands of products of preinjective modules, and it turns out that w is precisely the
class of such modules. Moreover, we prove that R has finite representation type if and only if every module
in w is source of a left almost split map in R-mod. Finally, we address the question when W is endofinite.
© 2006 Elsevier Inc. All rights reserved.
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A ring R is said to be left pure semisimple provided every left R-module is a direct sum
of finitely presented modules, or equivalently, every left R-module is pure-injective. It is well
known that a ring has finite representation type if and only if it is left and right pure semisimple.
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right) pure semisimple ring has finite representation type, is known as the Pure-Semisimplicity
Conjecture. This conjecture has been verified for several classes of rings, e.g. in [11,23], but it is
still open in general. For a survey on the problem we refer to [25], and to recent work of Simson,
e.g. in [32,33], showing how a potential counter-example should look like.
It was shown by Simson, Zimmermann-Huisgen, Herzog, and Dung, e.g. in [31], [39], [23],
and [18], that the preprojective and the preinjective modules play a central role in connection
with the Pure-Semisimplicity Conjecture. In this paper, we slightly change the point of view and
study the perfect cotorsion pair (C,D) in R-Mod generated by the indecomposable preinjective
modules. Since the Pure-Semisimplicity Conjecture can be reduced to the hereditary case [23],
we restrict our attention to hereditary, indecomposable, left pure semisimple rings. In fact, we
know from our joint work with Valenta [9] that over such rings the indecomposable preinjective
modules form a preinjective component q of R-Mod.
The idea for this approach comes from a recent paper of Reiten and Ringel [29], where in-
teresting properties of (C,D) are established in case R is a finite-dimensional tame hereditary
algebra. More precisely, it is proven that there is an infinite-dimensional product-complete tilting
and cotilting left module W such that C = CogenW and D = GenW . Moreover, the category w
given by the indecomposable summands of W is shown to be of central importance. For example,
the modules in C are characterized as the kernels of maps in Add w, and the modules in D are
characterized as the cokernels of maps in Add w.
We show that the same holds true in our situation, with one important difference: our module
W is finitely generated. So w is now a finite subcategory of R-mod. It turns out that w reveals
the main pathologies known to occur under the assumption that the Pure-Semisimplicity Con-
jecture fails. More precisely, if R is assumed of infinite representation type, then it follows from
Zimmermann-Huisgen’s work [39] that there must be an indecomposable direct summand X of
a direct product of preinjective modules which is not preinjective, and moreover, there must be
an indecomposable module A which is not source of a left almost split map in R-mod. We prove
in 4.7 and 4.8 that such A and X can be found in w. Furthermore, using recent work of Dung and
García [19], we prove that R has finite representation type if and only if the endomorphism ring
of W has Morita duality.
We also compute W for Simson’s potential counter-examples given in [32,33]. Moreover, we
generalize a result obtained by Okoh [28] for the ring from [32].
If our ring R is twosided artinian, then we know from [9] that there is also a preprojective
component p in Mod-R. In the last part of the paper, we study the cotorsion pair (M,L) in
Mod-R cogenerated by p and its relationship with (C,D). In this context, we prove that M is a
definable class if and only if W is endofinite.
The paper is organized as follows. After some preliminaries in Section 1, we recall the notion
of a cotorsion pair in Section 2. In Section 3, we give a survey on preinjective and preprojec-
tive modules over artinian hereditary rings. The cotorsion pair (C,D) in R-Mod is studied in
Section 4, while Section 5 is devoted to the cotorsion pair (M,L) in Mod-R.
1. Preliminaries
We start out with some notation. For a ring R we denote by Mod-R the category of all and
by mod-R the category of all finitely presented right R-modules; the corresponding categories
of left R-modules are denoted by R-Mod and R-mod, respectively.
L. Angeleri Hügel / Journal of Algebra 307 (2007) 361–376 363Further, we write ind-R, respectively R-ind, for the subcategory of mod-R, respectively of
R-mod, consisting of all indecomposables. Moreover, for a module M of finite length, we de-
note by indM the subcategory of mod-R consisting of the modules which are isomorphic to an
indecomposable direct summand of M .
Let M be a subcategory of Mod-R. We always assume that M is full and that it is closed
under direct summands and isomorphic images. We denote by AddM (respectively addM) the
subcategory of all modules isomorphic to a direct summand of a (finite) direct sum of modules
of M, and by ProdM the subcategory of all modules isomorphic to a direct summand of a
product of modules of M. We further denote M◦ = {XR | HomR(M,X) = 0 for each M ∈M},
and ◦M= {X
R
| HomR(X,M) = 0 for each M ∈M}. Moreover,M⊥ = {XR | Ext1R(M,X) = 0
for each M ∈M}, and ⊥M = {XR | Ext1R(X,M) = 0 for each M ∈M}. Similarly, we write
Mᵀ = {XR | TorR1 (M,X) = 0 for each M ∈M}, and ᵀM = {XR | TorR1 (X,M) = 0 for each
M ∈M}. IfM contains a unique module M , then we shall denote these subcategories by AddM ,
addM , ProdM , M◦, M⊥, etc. Finally, we write lim−→M for the class of all modules D such that
D = lim−→ i∈IMi where {Mi | i ∈ I } is a direct system of modules from addM.
We will say that a module MR with endomorphism ring S is endonoetherian if M is noetherian
when viewed as a left S-module. If SM has finite length, then we say that M is endofinite.
Finally, we recall from [27] that a module M with AddM being closed under products is said
to be product-complete. Note that every product-complete module is Σ -pure-injective. So, M is
product-complete if and only if AddM = ProdM .
The following construction provides an important tool for passing information on R-modules
from the left-hand side to the right-hand side and vice versa.
Let R be a ring, XR a right R-module with S = EndXR , and SV a minimal injective cogen-
erator of S Mod. The left R-module
X+ =R HomS(SX,S V )
is called the local dual of X. If R is an Artin algebra and XR is finitely generated, then it is well
known that X+ ∼= D(X) for the usual duality D : mod-R → R-mod.
We collect some basic properties of the local duality we are going to use in the sequel.
Lemma 1.1. ([30, Theorem 2], [38, Lemma 5], [9, 3.5]) Let R be a semiperfect ring with Jacob-
son radical J .
(1) Let MR be a finitely presented module. If EndMR is local, so is EndR M+.
(2) Let MR,NR be modules and assume that M ∈ mod-R. Then HomR(M,N) = 0 if and only
if HomR(N+,M+) = 0.
(3) A module MR is endofinite if and only if RM+ is endofinite.
(4) Let e ∈ R be a local idempotent. Then (eR/eJ )+ ∼= Re/Je, and (eR)+ is an injective enve-
lope of Re/Je. Further, if R is left artinian and RI is an injective envelope of (Re/Je), then
I+ ∼= eR.
(5) Let R be left artinian. An indecomposable left R-module RA is injective if and only if A+R is
projective.
The importance of the local duality is basically due to the following result on the existence of
almost split sequences. Recall that Tr denotes the Auslander–Bridger transpose.
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sented non-projective module CR with local endomorphism ring there is an almost split sequence
0 → (TrC)+ → B → C → 0 in Mod-R.
The next result and its dual will allow us to replace the Auslander–Reiten-formula when we
pass from Artin algebras to artinian rings.
Lemma 1.3. [9, 3.6] Let 0 → A → B → C → 0 be an almost split sequence in Mod-R, where
R is an arbitrary ring, and XR a module. If HomR(X,A) = 0, then also Ext1R(C,X) = 0. The
converse holds if C has projective dimension at most one.
Corollary 1.4. Let R be a hereditary ring, and let 0 → A → B → C → 0 be an almost split
sequence in Mod-R. Then ◦A = C⊥ and C◦ = ⊥A.
2. Cotorsion pairs
Throughout this section, let R be an arbitrary ring.
Definition. LetM be a subcategory of Mod-R, and let A be a right R-module. A morphism f ∈
HomR(A,X) with X ∈M is anM-preenvelope (or a leftM-approximation) of A provided that
the abelian group homomorphism HomR(f,M) : HomR(X,M) → HomR(A,M) is surjective
for each M ∈M. An M-preenvelope f ∈ HomR(A,X) of A is said to be special if f is a
monomorphism and Cokerf ∈ ⊥M.
An M-envelope of A is an M-preenvelope f ∈ HomR(A,X) which is left minimal, that is,
h is an automorphism of X whenever h ∈ EndR(X) satisfies hf = f . Note that M-envelopes
may not exist in general, but they are always unique up to isomorphism.
The notions of an M-cover and a (special) M-precover are defined dually.
A subcategory M of Mod-R is said to be covariantly (respectively, contravariantly) finite in
Mod-R if every module in Mod-R has an addM-preenvelope (respectively, an addM-precover).
If M is both covariantly and contravariantly finite, then it is said to be functorially finite.
We now recall the notion of a cotorsion pair.
Definition. Let A,B ⊆ Mod-R be classes of modules. Then (A,B) is said to be a cotorsion pair
in Mod-R provided A= ⊥B and B =A⊥.
We will say that a cotorsion pair (A,B) in Mod-R is complete if every module has a special
A-precover and a special B-preenvelope. Moreover, a cotorsion pair (A,B) in Mod-R is perfect
if every module has an A-cover and a B-envelope.
Let C be a class of modules. Then (⊥(C⊥),C⊥) is a cotorsion pair, called the cotorsion pair
cogenerated by C. If the isomorphism classes of C form a set, then (⊥(C⊥),C⊥) is complete,
see [20]. Also (⊥C, (⊥C)⊥) is a cotorsion pair, called the cotorsion pair generated by C. If C
consists of pure-injective modules, then (⊥C, (⊥C)⊥) is perfect, see [21].
Important examples of cotorsion pairs arise in tilting theory.
Definition. A module T is tilting provided that
(T1) proj.dim(T ) 1.
(T2) Ext1R(T ,T (κ)) = 0 for any cardinal κ .
(T3) There is an exact sequence 0 → R → T0 → T1 → 0 with T0, T1 ∈ Add(T ).
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with the class T ⊥, see [16].
Cotorsion pairs (A,B) cogenerated by some tilting module T are called tilting cotorsion
pairs. The class B = T ⊥ is then called a tilting class.
We further say that two tilting modules T1 and T2 are equivalent if they generate the same
tilting class, that is, if T ⊥1 = T ⊥2 . For example, two tilting modules T1 and T2 are equivalent if T1
is a direct summand of T2.
Dually, one defines cotilting modules, cotilting cotorsion pairs and cotilting classes.
Recall that a class of modules is said to be definable if it is closed under direct products, direct
limits, and pure submodules. We will need the following result.
Proposition 2.1. [6] Let T be a tilting module with tilting cotorsion pair (A,B). Then the fol-
lowing statements are equivalent:
(1) A is definable.
(2) T is product-complete.
If R is hereditary, then (1)–(2) are further equivalent to
(3) T is a cotilting module such that A= ⊥T .
The following observation will be useful when dealing with pure-semisimple rings.
Lemma 2.2. Let T be a tilting module with a decomposition T =⊕i∈I Ti into finitely generated
modules with local endomorphism rings. Then T is equivalent to a finitely generated tilting
module.
Proof. Let (A,B) be the complete cotorsion pair cogenerated by T . Let A ∈ A be finitely
generated, and consider a special B-preenvelope 0 → A f−→ B → C → 0. Then C ∈ A and
B ∈ A ∩ B = AddT , see [4, 2.4]. So, B is isomorphic to a direct summand of a direct sum
of copies of the Ti . By a well-known result of Warfield [36], it follows that also B has a
decomposition B =⊕j∈J Bj in modules with local endomorphism rings, and by Azumaya’s
Decomposition Theorem, every Bj is isomorphic to some Ti . Moreover, since A is finitely gen-
erated, Imf is contained in a finite subsum B ′ =⊕j∈J0 Bj ∈ AddT . Then it is easy to see that
the induced sequence 0 → A f
′
−→ B ′ → C′ → 0 is a special B-preenvelope. Since B = GenT is
a torsion class, C′ ∈ B ∩A = AddT , and since B ′ and C′ are finitely generated, it follows as
above that C′ has a finite decomposition in modules which are isomorphic to some Ti .
We now consider the special case A = R. Then the special B-preenvelope 0 → R f
′
−→ B ′ →
C′ → 0 gives rise to a finitely generated tilting module T ′ = B ′ ⊕C′, and it is easy to check that
T ′ is equivalent to T . 
3. Preprojectives and preinjectives over artinian hereditary rings
Definition. [31] Let R be a right artinian hereditary ring.
(1) A finitely generated right R-module P is said to be preprojective if there are only finitely
many pairwise non-isomorphic modules X ∈ ind-R such that HomR(X,P ) = 0.
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In the situation we are going to consider, these definitions coincide with the notion of prepro-
jective and preinjective modules as introduced by Auslander and Smalø in [13], and also with
the preprojectives and preinjectives considered in [23] (see [1]).
Definition. (1) Let R be a right artinian ring. Given a subcategory C of mod-R, we say that
a module C in C is splitting projective in C if each epimorphism X → C with X in addC
splits, and we denote by P0(C) the subcategory of mod-R consisting of all indecomposable
splitting projectives in C. Obviously P0 = P0 (mod-R) is the category of all indecompos-
able projective right R-modules. We proceed by induction and set Pn = P0 (mod-RPn), where
Pn = P0 ∪ P1 ∪ · · · ∪ Pn−1 and mod-RPn denotes the subcategory of mod-R consisting of all
modules with no direct summand in Pn. Setting P∞ = ind-R \⋃n∈N0 Pn, we obtain a partitionP0,P1,P2, . . . ,P∞ of ind-R. This partition will be called preprojective partition provided that
for each n ∈ N the subcategory Pn is finite and every module in mod-RPn is an epimorphic
image of a module in addPn.
(2) Let R be a left artinian ring such that all indecomposable injective left R-modules are
finitely generated. Dually, one defines splitting injective modules and constructs a partition of
R-ind starting with the injectives. Observe that we will denote by In the corresponding subcat-
egory of R-mod (while the objects of Pn are right modules). Again, we will be interested in the
case where for each n ∈ N the category In is finite and every module in R-modIn is isomor-
phic to a submodule of a module in addIn. In this case we will say that I0, . . . ,I∞ define a
preinjective partition of R-mod.
Every Artin algebra admits a preprojective and a preinjective partition [13]. The following
results were proven in [1,9].
Theorem 3.1. [1, 2.1 and 2.9] Let R be a right artinian hereditary ring satisfying
(P) For every non-injective module AR ∈⋃n∈N0 Pn there is an almost split sequence 0 → A →
B → C → 0 in mod-R.
Then
(1) mod-R has a preprojective partition.
(2) A module X ∈ ind-R is preprojective if and only if it belongs to some Pn, n ∈N0.
(3) For every n ∈N0, the ring R is right Pn-hereditary, i.e. if C ∈Pn, then every X ∈ ind-R with
a non-zero morphism X → C is in P0 ∪ · · · ∪Pn.
Theorem 3.2. [9, 8.2] Let R be a left artinian hereditary ring satisfying
(I) All indecomposable injective left R-modules are finitely generated, and for every non-
projective left R-module RC ∈⋃n∈N0 In there is an almost split sequence 0 → A → B →
C → 0 in R-mod.
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(1) R-mod has a preinjective partition.
(2) A module X ∈ R-ind is preinjective if and only if it belongs to some In, n ∈N0.
(3) For every n ∈N0, the ring R is left In-hereditary, i.e. if A ∈ In, then every X ∈ R-ind with a
non-zero morphism A → X is in I0 ∪ · · · ∪ In.
It is well known that the indecomposable preprojective modules over an indecomposable
hereditary artin algebra Λ form a preprojective component of the Auslander–Reiten-quiver of Λ.
We now recall a result from [9] showing that the same holds true over a hereditary right artinian
ring satisfying (P). We adopt the notation A = τC and C = τ−A if 0 → A → B → C → 0 is an
almost split sequence in mod-R, and define inductively τn respectively τ−n. Note that the almost
split sequences considered in conditions (P) and (I) turn out to be even almost split in Mod-R,
respectively in R-Mod, see [9, 6.2 and 8.2].
Definition. Let R be a right artinian ring. A subcategory p of ind-R is called a preprojective
component in Mod-R if it satisfies the following conditions:
(1) For any X ∈ p there are a left almost split morphism X → Z and a right almost split mor-
phism Y → X in Mod-R with Z,Y ∈ mod-R.
(2) If X → Y is an irreducible map with one of the modules lying in p, then both modules are
in p.
(3) The Auslander–Reiten-quiver of p is connected and has no oriented cycles.
(4) For every Z ∈ p there is m 0 such that τmZ ∈P0.
Preinjective components in R-Mod for a left artinian ring R are defined dually.
Theorem 3.3. Let R be a right artinian hereditary indecomposable ring satisfying (P). Then the
indecomposable preprojective right R-modules form a preprojective component p in Mod-R.
The class p is closed under predecessors, i.e. a module X ∈ Mod-R has a direct summand in p
whenever there is a non-zero morphism X → P for some P ∈ p. Moreover, add p is a resolving
subcategory of mod-R, i.e. it contains R, and it is closed under extensions and under kernels of
epimorphisms.
Proof. The first statement is [9, 8.3 and 8.5]. We show that p is closed under predecessors.
Consider a module X ∈ Mod-R with a non-zero morphism X → P for some P ∈ p. Then there
is n ∈N0 such that P ∈ Pn, and we proceed by induction on n. The claim is clear for n = 0. Let
n > 0, and assume w.l.o.g. that X has no summand in Pn. Choose further P ∈ Pn of minimal
length with respect to the existence of a non-zero morphism h ∈ HomR(X,P ). Note that h is not
a split epimorphism, so it factors through the almost split sequence 0 → τP → B g−→ P → 0
in Mod-R, which consists of finitely generated modules. Thus there is P ′ ∈ indB with a non-
zero morphism h′ ∈ HomR(X,P ′), and since R is Pn-hereditary, P ′ ∈⋃ni=0Pi . If P ′ ∈ Pn,
then the irreducible map g|P ′ must be a monomorphism, contradicting the choice of P . Thus
P ′ ∈⋃n−1i=0 Pi , and the claim follows by induction assumption.
It remains to show that add p is resolving. Let 0 → P1 → E → P2 → 0 be a short exact se-
quence with P1,P2 being preprojective. Then every X ∈ indE satisfies either HomR(X,P2) = 0
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by [5, 1.1]. 
The dual result also holds true, cf. [9, 8.4 and 8.5].
Theorem 3.4. Let R be a left artinian hereditary indecomposable ring satisfying (I). Then the
indecomposable preinjective left R-modules form a preinjective component q in R-Mod. The
class q is closed under successors. Moreover, add q is a coresolving subcategory of R-mod.
According to [9, 1.1 and 1.2], the conditions (I) and (P) are equivalent for artinian hereditary
rings. Moreover, under these conditions, the local duality induces a bijection q → p, RA → A+R .
Finally, preprojective and preinjective modules also yield useful criteria for R being of finite
representation type.
Theorem 3.5. Let R be a left artinian hereditary indecomposable ring satisfying (I), and let q be
the preinjective component in R-Mod. The following statements are equivalent:
(1) R is a ring of finite representation type.
(2) Every simple left module is preinjective.
(3) Every projective left module is preinjective.
(4) There is a preinjective projective left module.
(5) Every finitely generated left module is preinjective.
(6) q is finite.
The dual statement holds true for p if R is a right artinian hereditary indecomposable ring
satisfying condition (P).
Proof. We use ideas from [13]. The implications (1) ⇒ (6) and (5) ⇒ (4) are clear.
(6) ⇒ (5): Since q is finite, there is a positive integer n such that In is empty. By the definition
of the preinjective partition, it follows that R-modIn is empty, hence every finitely generated
indecomposable module belongs to In.
(4) ⇒ (3): Since R is indecomposable, any two indecomposable projective modules P1, P2
belong to the same block and are therefore linked by a chain of non-zero maps between modules
in P0. So, let us consider 0 = f :P1 → P2. If P1 ∈ q, then P2 ∈ q by 3.4. If P2 ∈ q, we proceed
by induction on the length n of P2 and show that P1 ∈ q. The claim is clear for n = 1 since f is
then an isomorphism. For n > 1 we assume w.l.o.g. that f is a non-isomorphism, thus a proper
monomorphism. Then Imf is a submodule of RadP2, which is a module in add q since there is
an irreducible map RadP2 → P2. So there is P ′ ∈ ind RadP2 with a non-zero map P1 → P ′, and
P ′ ∈ q has length at most n− 1. The claim then follows by induction assumption.
(3) ⇒ (2) follows from 3.4.
(2) ⇒ (1): Let S1, . . . , Sr be a complete irredundant set of simple left R-modules, and let m be
the least integer such that S1, . . . , Sr ∈⋃m−1i=0 Ii . Then R-ind =⋃m−1i=0 Ii . In fact, if M ∈ R-ind,
there is 0 = f :Si → M for some 1  i  r , and f is either an isomorphism or a non-split
monomorphism, and so M cannot belong to R-modIm . This shows that R has finite representa-
tion type. 
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be the preinjective component in R-Mod. Then q◦ ⊆ ⊥q, with equality if R has infinite repre-
sentation type. Moreover, if R is artinian, and p is the preprojective component in Mod-R, then
◦p ⊆ p⊥, with equality if R has infinite representation type.
Proof. Let X ∈ q◦ and A ∈ q. If A is injective, clearly X ∈ ⊥A. If A is not injective, then A = τC
for some C ∈ q, and we know from 1.4 that C◦ = ⊥A. So, also in this case X ∈ ⊥A, and we infer
X ∈ ⊥q.
If R is representation-infinite, we know from 3.5 that q does not contain any projective left
module. Hence every C ∈ q is end-term of some almost split sequence in R-Mod, and τC ∈ q
since there are irreducible maps τC → X and X → C. Therefore, if X ∈ ⊥q and C ∈ q, then
X ∈ ⊥(τC) = C◦ by 1.4, so X ∈ q◦.
Assume now that R is artinian. Then R also satisfies condition (P) by [9, 1.1], and it follows
from 3.3 that there is a preprojective component p in Mod-R. Moreover, by 3.5, p does not
contain any injective module if R is representation-infinite. The claim now follows with dual
arguments from 1.4. 
4. The cotorsion pair generated by the preinjective modules
Throughout this section, we assume that R is a hereditary, indecomposable, left pure semi-
simple ring. Let us recall some features of pure-semisimple rings.
Remark 4.1. The ring R is left artinian, and every non-projective module in R-ind is end-term
of an almost split sequence in R-Mod consisting of finitely presented modules, see Theorem 1.2.
Moreover, every pure-projective right R-module is endonoetherian [40], all finitely presented
right R-modules are endofinite [24], and every subcategory M of mod-R is covariantly finite
[2, 3.1]. Finally, every non-injective module in ind-R is the first term of an almost split sequence
in Mod-R consisting of finitely presented modules, see [38, Satz 6].
In particular, condition (I) is then satisfied, so by 3.4 there is a preinjective component q in
R-Mod. Inspired by [29], we investigate the perfect cotorsion pair (C,D) in R-Mod generated
by q.
First of all, we note the following consequence of [7, 2.1] and 2.2.
Proposition 4.2. Every cotorsion pair (A,B) in R-Mod is cogenerated by a finitely generated
tilting module.
Proof. We first show that B is a torsion class. Of course, B is closed under extensions, and
since R is hereditary, B is closed under epimorphic images. We show that B is closed under
coproducts. Let (Bi)i∈I be a family of modules in B, let B =⊕i∈I Bi and let A ∈ A. By as-
sumption on R, there are finitely presented modules Aj , j ∈ J, such that A =⊕j∈J Aj . So
Ext1R(A,B) ∼=
∏
j∈J
⊕
i∈I Ext1R(Aj ,Bi) = 0, thus B ∈ B.
Now it follows from [14, 2.3] that (A,B) is cogenerated by the class of all countably presented
modules from A. In particular, (A,B) is then complete by [20]. So, we know from [7, 2.1] that
(A,B) is a tilting cotorsion pair, and by 2.2 we can find a finitely generated tilting module that
cogenerates (A,B). 
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W such that C = CogenW and D = GenW .
Proof. Assume first that R has finite representation type. Then q = R-ind by 3.5, so C = AddR,
D = R-Mod, and R is artinian. Thus RR is product-complete by a well-known result of Chase,
and we can choose W = RR.
So, we can assume w.l.o.g. that R is a ring of infinite representation type. (C,D) is a perfect
cotorsion pair by [21]. By 4.2 there is a finitely generated tilting module W such that D =
GenW = W⊥. Moreover, C is definable since C = ⊥q = q◦ by 3.6. So it follows from 2.1 that W
is a product-complete cotilting module such that C = CogenW = ⊥W . 
We set S = (EndR W)op, and we denote by w = indW the finite subcategory of R-ind given
by the indecomposable direct summands of W . Note that Add w = Prod w = C ∩D, see [4, 2.4].
Proposition 4.4. w is a functorially finite subcategory of R-mod. In particular, every finitely
generated module X ∈ C has a special D-envelope
0 → X → DX → CX → 0
with CX,DX ∈ add w, and every finitely generated module Y ∈D has a special C-cover
0 → DY → CY → Y → 0
with CY ,DY ∈ add w.
Proof. Since W is product-complete, w is covariantly finite in R-mod, see [2, 5.1]. Moreover,
since W is tilting, we know from [35] that the functor HomR(W,−) :R-Mod → S-Mod carries
finitely generated modules to finitely generated modules, which means that w is contravariantly
finite in R-mod by [3, Lemma 3].
As add w consists of finite length modules, it follows from [13, 1.2] that there are even add w-
envelopes and add w-covers.
Let us now consider a finitely generated module X ∈ C. Since X is cogenerated by w, and
w is closed under extensions, Wakamatsu’s Lemma [22, 7.2.3] yields the existence of a special
add w-envelope 0 → X → DX → CX → 0. Then CX ∈ ⊥w = C, so the sequence is even a special
D-envelope. Moreover, CX belongs to D since so does DX , so CX ∈ add w.
The statement for Y is proven with dual arguments. 
Proposition 4.5. S is semiprimary and coherent, and WS is finitely presented.
Proof. We know that RW is a product-complete module of finite length. Then S is semiprimary.
Moreover, WS is finitely presented and S is right coherent by [27, 3.9]. Finally, S is left coherent
because w is contravariantly finite in R-mod, see [3, Corollary 11]. 
Proposition 4.6. (D,W ◦) is a split torsion pair.
Proof. It is well known that the tilting module W induces a torsion pair (D,W ◦). Since C = ⊥q,
we have q ⊂D, hence W ◦ =D◦ ⊂ q◦ ⊆ C by 3.6, so every exact sequence 0 → τD(X) → X →
X/τD(X) → 0 splits. 
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(1) (Add q,C) is a split torsion pair. In particular, q ∩ w = ∅.
(2) D consists of all direct sums of modules in q or w.
(3) There is no almost split sequence in R-mod starting in a module from w.
(4) W is projective if and only if every module A ∈ R-ind belongs to q or w.
Proof. (1) Note that C = q◦ by 3.6. Then we know from 3.4 that a module belongs to C if and
only if none of its indecomposable direct summands is preinjective. This shows that (Add q,C)
is a split torsion pair.
(2) We know that q and w are contained in D, which is closed under direct sums. Conversely,
if D ∈D, then D is a direct sum of indecomposable modules, which by (1) are either preinjective,
or belong to D ∩ C and thus to w.
(3) If 0 → A → B → C → 0 were an almost split sequence with A ∈ w ⊂ C ∩D, then C ∈
R-ind \ q ⊂ C, contradicting Ext1R(C,A) = 0.
(4) By (2) every indecomposable left R-module belongs to q or w if and only if D = R-Mod,
which is equivalent to C = AddR, and the latter means that W is projective. 
If R has infinite representation type, then we know from [39, Corollary B] that there are
indecomposable non-preinjective modules occurring as direct summands in products of modules
from q. We now show that the class of such modules is w.
Theorem 4.8. Assume that R is a ring of infinite representation type. An indecomposable module
RA is isomorphic to a direct summand of a product of preinjective modules if and only if A
belongs to q or w.
Proof. Let A be an indecomposable module which is isomorphic to a direct summand of a
product of preinjective modules. Then A belongs to D, and the claim follows from 4.7(2).
For the converse implication, we have to show that every RA ∈ w is isomorphic to a di-
rect summand of a product of preinjective modules. First of all, observe that every module in
mod-R admits a decomposition into modules with local endomorphism rings by [24]. Let us
thus consider a complete irredundant set (Xi)i∈I of modules in ind-R. Then all X+i belong to
R-ind by 1.1(1). For every i ∈ I set Hi = HomR(A,X+i ). It is well known that the diagonal map
A →∏i∈I X+Hii given by all homomorphisms is a pure embedding, hence a split monomor-
phism. Thus our claim is proven if we show that Hi = 0 whenever X+i /∈ q. So, consider the case
that X+i /∈ q. In particular, X+i is an indecomposable non-injective module with an almost split
sequence 0 → X+i → E → TrXi → 0 in R-Mod, see 1.1 and 1.2. Of course, TrXi /∈ q, hence
TrXi ∈ C by 4.7(1), and therefore Ext1R(TrXi,A) = 0 as A ∈D. Then we deduce from 1.4 that
Hi = HomR(A,X+i ) = 0. 
Examples 4.9. Work of Simson shows how potential counter-examples to the Pure-Semisimplici-
ty Conjecture should look. Their existence depends on the construction of skew-field extensions
F ⊂ G with suitable properties.
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semisimple ring R of the form
R =
(
F 0
G G
)
which has infinite representation type, and where every indecomposable left R-module either
belongs to q or is projective. Here the indecomposable projective left modules P1, P2 are linked
by irreducible morphisms P1 → P2, but there is no almost split sequence in R-mod starting in
P1 nor in P2. Moreover, P2 has infinite length over its endomorphism ring.
In this case, we see as in 4.7(4) that W = P1 ⊕ P2. In particular, W is not endofinite.
(2) A more general version of (1) was given in [33]. Again, one has to assume the exis-
tence of a suitable pair of skew-fields. For m 0 one then obtains a hereditary, indecomposable,
left pure-semisimple ring R = Rm of infinite representation type with the property that every
indecomposable left R-module is either preinjective or preprojective. Moreover, the indecom-
posable preprojective modules form a finite connected component {P1, . . . ,Pm,Pm+1,Pm+2}
of the Auslander–Reiten quiver of R, where P1,P2 are the indecomposable projectives, and
HomR(Pi,Pj ) = 0 if i > j . Further, for any 1  i  m there is an almost split sequence
0 → Pi → Pdii+1 → Pi+2 → 0 in R-mod, but there is no almost split sequence starting in Pm+1
nor in Pm+2, and moreover, Pm+2 has infinite length over its endomorphism ring.
Note that R is a twosided artinian ring when m> 1, see [9, 6.2].
Let us compute W in this case. Note that C consists of the preprojective modules. More-
over, for 1  i  m we have Ext1R(Pi+2,Pi) = 0, hence Pi /∈ D. Let now X ∈ {Pm+1,Pm+2}.
For 1 i m we have HomR(X,Pi) = 0, thus Ext1R(Pi+2,X) = 0 by 1.3. Of course, also
Ext1R(P1,X) = Ext1R(P2,X) = 0, which shows that X ∈ D, thus X ∈ w. We conclude that
W = Pm+1 ⊕ Pm+2. Also in this case, W is not endofinite.
We can now generalize a result proved by Okoh in the situation of Example 4.9(1).
Corollary 4.10. [28] Assume that R is a ring of infinite representation type. Let (Qi)i∈N0
be a complete irredundant set of modules in q, and consider the pure-exact sequence 0 →⊕
i∈N0 Qi →
∏
i∈N0 Qi → L → 0. Then L ∈ AddW .
Proof. Set Q =⊕i∈N0 Qi and P =∏i∈N0 Qi . Write P = A ⊕ B with A ∈ Add q and B ∈
AddW according to 4.7(2). As in [28], one can show that A ⊆ Q. Then Q = A ⊕ Q ∩ B . So
C = Q∩B ∈ Add q, and, on the other hand, C ⊆ B ∈ C, hence C = 0. We conclude Q = A and
L ∼= B ∈ AddW . 
Let us now interpret the Pure-Semisimplicity Conjecture in terms of W .
Theorem 4.11. The following statements are equivalent:
(1) R has finite representation type.
(2) S has right Morita duality.
(3) Every module in w is source of a left almost split map in R-mod.
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sense of [19, p. 583]. Let K be a finitely presented module with a morphism f :W → K that is
not a split monomorphism. Write K = X ⊕ Y with X ∈ W ◦ and Y ∈ D according to 4.6. Then
prX ◦ f = 0, so f = ιY ◦ prY ◦ f where g = prY ◦ f :W → Y is not a split monomorphism, and
Y is finitely W -presented by 4.4.
Next, we note that W is endofinite whenever S has right Morita duality. In fact, the existence
of a right Morita duality implies that S is a right artinian ring, and since WS is finitely presented
by 4.5, we infer that WS has finite length.
Now it follows from [19, 4.6] that conditions (2) and (3) are equivalent. Moreover, it is well
known that (1) implies the existence of left almost split maps in R-mod for any module in R-ind,
see [10]. Finally, (3) implies (1) by 4.7(3). 
An analogous result was obtained in [19, 4.8] for another finitely generated R-module, namely
the direct sum M of all non-isomorphic indecomposable preprojective left R-modules: R has
finite representation type if and only if the endomorphism ring of M is a right artinian ring with
right Morita duality. We hope that W , having the additional properties stated in Theorem 4.3,
may be more accessible than M .
5. The cotorsion pair cogenerated by the preprojective modules
Unless otherwise stated, we assume that R is a twosided artinian hereditary, indecomposable,
left pure semisimple ring. Then (P) is satisfied, and by 3.3 there is a preprojective component p
in Mod-R. We now investigate the cotorsion pair (M,L) in Mod-R cogenerated by p.
We will need the following well-known Ext-Tor relations.
Lemma 5.1. [22, 3.2.1, 3.2.13] Let A,D ∈ Mod-R, B ∈ R Mod, C ∈ Mod-R. Then
(1) Ext1R(A,B+) = 0 if and only if TorR1 (A,B) = 0,
(2) TorR1 (C,D+) = 0 if and only if Ext1R(C,D) = 0.
Lemma 5.2.
(1) C = pᵀ.
(2) A left R-module A belongs to C if and only if its local dual A+ belongs to L.
(3) A right R-module M belongs to L if and only if its local dual M+ belongs to C.
(4) M⊆ lim−→ p = ᵀC = ᵀW .(5) A left R-module A belongs to D if and only if its local dual A+ belongs to lim−→ p.(6) A right R-module M belongs to lim−→ p if and only if its local dual M+ belongs to D.
Proof. We employ the bijection q → p, RA → A+R from [9, 1.2]. Then (1), (2), and (3) follow
immediately by using Lemma 5.1.
(4) By [8, 2.3] and (1) we have M⊆ lim−→ p = ᵀ(pᵀ) = ᵀC. Moreover, since W ∈ C, we haveᵀC ⊂ ᵀW . Conversely, if XR ∈ ᵀW and A ∈ C is indecomposable, then we consider the sequence
0 → A → DA → CA → 0 with CA,DA ∈ add w from 4.4, which gives rise to a long exact
sequence . . .0 → TorR1 (X,A) → TorR1 (X,DA) = 0 . . . showing X ∈ ᵀA, hence X ∈ ᵀC.
(5) and (6) follow from (4) by using that D = W⊥ together with Lemma 5.1. 
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cotorsion pair (C,D) in R-Mod by means of the following duality result.
Theorem 5.3. Let R be a right artinian hereditary ring. There is a one-to-one correspondence
between tilting classes in Mod-R and cotilting classes in R-Mod. Under this correspondence,
a tilting class T ⊥ in Mod-R, given by a tilting module T , is mapped to the cotilting class T ᵀ in
R-Mod.
Proof. Combine [5, 2.2 and 2.3] with [15] and [34, Theorem 4.13]. 
Proposition 5.4. L is the tilting class in Mod-R corresponding to the cotilting class C in R-Mod,
and lim−→ p is the cotilting class in Mod-R corresponding to the tilting class D in R-Mod.
Proof. From 5.2 we deduce that, under the correspondence in 5.3, the tilting class L= p⊥ cor-
responds to the cotilting class pᵀ = C, and the tilting class D = W⊥ corresponds to the cotilting
class ᵀW = lim−→ p. 
In Mod-R we thus have the tilting cotorsion pair (M,L) and the cotilting cotorsion pair
(lim−→ p, (lim−→ p)
⊥), where M⊆ lim−→ p. By [8, 2.3], the two cotorsion pairs coincide if and only ifM is closed under direct limits. We are now going to see that this is the case precisely when W
is endofinite.
To this end, let us fix a tilting module T cogenerating the cotorsion pair (M,L). We verify a
finiteness condition on a special class of EndR T -submodules of T , the matrix subgroups. Recall
from [37] that a subgroup U of the abelian group T is said to be a matrix subgroup of T if
there is a module AR and an element x ∈ A such that U equals the set HA,x(T ) = {f (x) | f ∈
HomR(A,T )}. If AR is finitely presented, then HA,x(T ) is called finite matrix subgroup.
Proposition 5.5. All finite matrix subgroups of T are finitely generated over EndR T .
Proof. By [2, 3.1] our claim means that every finitely presented right R-module has an
AddT -preenvelope. So, let us consider M ∈ mod-R. We can assume w.l.o.g. M ∈ ind-R with
HomR(M,T ) = 0. By 1.1(2) this means HomR(T +,M+) = 0. But T ∈M∩L⊂ lim−→ p ∩L im-
plies T + ∈ AddW by 5.2(3) and (6), so HomR(W,M+) = 0. By 4.6 it follows that M+ ∈ D.
Hence M ∈ lim−→ p by 5.2(6), and since M is finitely presented, we even have M ∈ p. In particular,
M ∈M, so there is an L-preenvelope 0 → M f−→ B → C → 0 with B,C ∈ L ∩M= AddT .
Then f is the desired AddT -preenvelope. 
We are ready to prove the announced result.
Theorem 5.6. The following statements are equivalent:
(1) W is endofinite.
(2) T is endofinite.
(3) T satisfies the descending chain condition on cyclic EndR T -submodules.
(4) M is closed under direct limits.
(5) S is right artinian.
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(3) is trivial.
(3) ⇒ (4): Condition (3) together with the property verified in 5.5 that all finite matrix sub-
groups of T are finitely generated over EndR T means by [2, 5.1] that T is product-complete.
By 2.1 it follows that M is definable, hence closed under direct limits.
(4) ⇒ (2): By 5.2(4) we have M = lim−→ p. Moreover, add p is covariantly finite in mod-R(Remark 4.1). Then we infer from [17, 4.2], [26, 3.11] that M is definable, so T is product-
complete by 2.1. In particular, T is Σ -pure-injective, so it satisfies the descending chain condition
for finite matrix subgroups [37]. We conclude that T is endofinite, as it also satisfies the ascending
chain condition for finite matrix subgroups, see [40, Theorem 6].
(2), (4) ⇒ (1): By 5.2(2) and (5) we have W+ ∈ L ∩ lim−→ p = L ∩M= AddT , hence W+ is
endofinite, and so is W by 1.1(3).
(1) ⇔ (5) follows immediately from Proposition 4.5. 
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